We introduce a recursive sequence with a piecewise defined function as the right hand side. This function is discontinuous and includes nonlinear terms, i.e. one branch of this function contains the exponent three and four. We present results concerning the asymptotic behavior of the sequence. We specify conditions under which the sequence contains periodic subsequences.
Introduction
Qena, Al-Ashhab and Guyker [6] considered the following difference equation:
where the initial value was set at Q 0 = 1. They proved the existence of periodic behavior for the sequence in some cases.
In [2] , [4] and [8] the work on this topic was extended and we find there more results concerning the nonlinear difference equation. We are going in this paper to study the cubic termss and terms of fourth order instead of quadratic terms. By doing this we will use some formulas related to cubic equations and equations of the fourth order. In [7] we find that the cubic equation y 3 + 3py + 2q = 0 possesses a solution of the form y = u + v, where
There exists a transformation from a general cubic equation to the previous form. Furhter, an equation of the form x 4 + bx 3 + cx 2 + dx + e = 0 has the same roots of the equation
where A = 8y + b 2 − 4c and y is any real root of the equation
We can take also the negative root as the value of A as is usually referred to Ferrari's method. But, it is enough for us here the described procedure.
Sequences with cubic exponent
We generalize Qena's work in this section (see [5] and [6] ). We replace the quadratic term by a term raised to an integer power. Later, we concentrate on the powers three and four. Definition 1 Let h, j, v and L 0 be positive real numbers. Let τ be an integer.
We define the sequence L k as follows
In this section we will take τ = 3. We consider the following equation
where h ≥ 2, n ≥ 5. We use the notation
According to Cardan's Formula one of the solutions of the cubic equation is
We note that
On the side the function
is decreasing for any real a > 0. Hence, we deduce that
In particular we get
Proposition 1: Let i > 0 be an integer. If we set
then we obtain the sequence
Proof: According to definition and (1)
According to definition
Hence, due to T < 0.5 we obtain
According to calculus the function
is increasing for x > 0.15. Since
we obtain for x > 4.25, 0 < α < 0.25
Thus, by setting x = T h n , α = h −2 we obtain
Due to (1) we obtain
Since x 2 − 2x > x 1.9 for x > 10, we obtain by substituting x = 2 √ h n+2
Finally, according to definition and the properties of r we obtain
We illustrate the proposition with the following example: We set h = i = 2. We have then n = G(2) + 1 = 14, 33 ≤ v < 724.
The equation 8x
3 + 3(2 14 + x) + 2 = 0 has the solution −18.309. Hence, we have j = 2 14 − 18. 309 = 16366. We obtain the sequence:
Sequences with fourth order terms
In this section we will take τ = 4. We consider the following 4 th order equation
Using the substitution z = x − h n , we transform it into
This equation will be solved symbolically exact by applying a procedure based on Cardan's formula: We move on to the cubic equation
One real solution of the cubic equation is
Now, we have to solve the quadratic equation
On the other hand, we know that
As we already know
Specifically, by taking a = ( 
We deduce that
But T > h −2 . Hence, we conclude that
Proposition 2: Let i > 0 be an integer. If we set
Proof: As in the proof of propostion 1 we obtain
But, we know that
We illustrate the proposition with the following example: We set h = 2, i = 1. In This case we have j = 66.238, since 66.238 is a root for 8(64 − x) 4 − 3x = 2. For any 2 ≤ v < 32 we obtain the sequence: 
Conclusion
In this paper we proved two similar results.
It is still open if we can generalize this result for any integer value of τ . Also, another open question is: what will happen when v lies outside the specified intervals? We expect to obtain a divergent behavior as it was the case in other papers. Also, what are the conditions under wich the sequence will return after more steps to first term, like for example L i+6 = h?
